Abstract-Let D be a strongly connected directed graph of order n ≥ 4 which satisfies the following condition for every triple x, y, z of vertices such that x and y are nonadjacent: If there is no arc from Vol.16, No. 5, 51-59, 1992) Y. Manoussakis proved that D is Hamiltonian. In [9] it was shown that D contains a pre-Hamiltonian cycle (i.e., a cycle of length n − 1) or n is even and D is isomorphic to the complete bipartite digraph with partite sets of cardinalities of n/2 and n/2. In this paper we show that D contains also a Hamiltonian bypass (i.e., a subdigraph is obtained from a Hamiltonian cycle by reversing exactly one arc) or D is isomorphic to one tournament of order five.
I. INTRODUCTION Terminology and notations not described below follows [1]. A directed graph (digraph) D is Hamiltonian if it contains a
Hamiltonian cycle, i.e., a cycle that includes every vertex of D. A Hamiltonian bypass in D is a subdigraph obtained from a Hamiltonian cycle by reversing exactly one arc. We now recall the following well-known degree conditions (Theorems 1.1-1.6) that guarantee that a digraph is Hamiltonian. It is easy to see that Meyniel's theorem is a common generalization of Nash-Williams', Ghouila-Houri's and Woodall's theorems. For a short proof of Theorem 1.4, see [5] . C. Thomassen [18] (for n = 2k + 1) and S. Darbinyan [6] (for n = 2k) proved the following: Theorem 1.5: (Thomassen [18] , Darbinyan [6] ). If D is a digraph of order n ≥ 5 with minimum degree at least n − 1 and with minimum half-degree at least n/2 − 1, then D is Hamiltonian (unless some extremal cases which are characterized).
In view of the next theorems we need the following definitions.
Definition 1: [15]. Let k be an integer. A digraph D of order n ≥ 3 satisfies condition A k if and only if for every triple of vertices x, y, z such that x and y are non-adjacent: If there is no arc from x to z, then d(x) + d(y)
+ d + (x) + d − (z) ≥ 3n − 2 + k. If
there is no arc from z to x, then d(x)+d(y)+d
− (x)+d + (z) ≥ 3n−2+k. It is not difficult to check that D 0 satisfies condition A −1 , but has no Hamiltonian bypass. Benhocine [4] proved that if a digraph D satisfies the condition of Nash-Williams' or Ghouila-Houri's or Woodall's theorem, then D contains a Hamiltonian bypass. In [4] also the following theorem was shown: Theorem 1.7: (Benhocine [4] ). Every strongly 2-connected digraph of order n and with minimum degree at least n − 1 contains a Hamiltonian bypass, unless D is isomorphic to a digraph of type D 0 .
In [7] the following theorem was proved: Theorem 1.8: (Darbinyan [7] ). Let D be a strongly connected digraph of order n ≥ 3.
If d(x) + d(y) ≥ 2n − 2 for all pairs of nonadjacent vertices in D, then D contains a Hamiltonian bypass unless it is isomorphic to one digraph of the set
For n ≥ 3 and k ∈ [2, n] by D(n, k) we denote a digraph of order n obtained from a directed cycle C of length n by reversing exactly k − 1 consecutive arcs. In [7] and [8] we studied the problem of the existence of D(n, 3) in digraphs with condition of Meyniel's theorem and in oriented graphs with the large in-degrees and out-degrees. Theorem 1.9: (Darbinyan [7] ). Let D be a strongly connected digraph of order n ≥ 4. In [9] the following theorem was proved: Theorem 1.11:(Darbinyan, Karapetyan [9] ). Any strongly connected digraph D of order n ≥ 4 satisfying condition A 0 contains a pre-Hamiltonian cycle (i.e., a cycle of length n − 1) or n is even and D is isomorphic to the complete bipartite digraph with partite sets of cardinalities n/2 and n/2.
In this paper using Theorem 1.11 we prove the following: Theorem: Any strongly connected digraph D of order n ≥ 4 satisfying condition A 0 contains a Hamiltonian bypass unless D is isomorphic to the tournament T (5).
The following two examples show the sharpness of the condition of the theorem . A digraph consisting of the disjoint union of two complete digraphs with one common vertex shows that the bound in the above theorem is best possible and a digraph obtained from a complete bipartite digraph after deleting one arc.
II. TERMINOLOGY AND NOTATIONS
In this paper we consider finite digraphs without loops and multiple arcs. 
is denoted by D⟨A⟩, or ⟨A⟩ for brevity. The path (respectively, the cycle) consisting of the distinct vertices
A cycle that contains the all vertices of a digraph D (respectively, the all vertices of D except one) is a Hamiltonian cycle (respectively, is a pre-Hamiltonian cycle). A path that contains all the vertices of a digraph D is a Hamiltonian path. If P is a path containing a subpath from x to y we let P [x, y] denote that subpath. Similarly, if C is a cycle containing vertices x and y, C [x, y] denotes the subpath of C from x to y. A digraph D is strongly connected (or, just, strong) if there exists a path from x to y and a path from y to x for every pair of distinct vertices x, y.
For an undirected graph G, we denote by G * symmetric digraph obtained from G by replacing every edge xy with the pair xy, yx of arcs. 
III. PRELIMINARIES
The following well-known simple Lemmas 3.1-3.4 are the basis of our results and other theorems on directed cycles and paths in digraphs. They will be used extensively in the proof of our result. Lemma 3.1: [13] .
The following lemma is a slight modification of a lemma by Bondy and Thomassen [5] 
Lemma 3.4: Let
In the proof of the our theorem we also need the following lemma which is a simple extension of a lemma due to Y. Manoussakis [15] . 
In this case the path Q can be inserted into P to give a new (x 1 , x t )-path with vertex set V (P ) ∪ V (Q). The path Q has a collection of partners on P if there are integers
The following lemma is obvious. Lemma 3.7: Let D be a digraph of order n ≥ 3 and let
Let D be a digraph of order n ≥ 3 and let C n−1 be a cycle of length n − 1 in D. If for the vertex y / ∈ C n−1 , d(y) ≥ n, then we say that C n−1 is a good cycle. Notice that, by Lemma 3.7(ii), if a digraph D contains a good cycle, then D also contains a Hamiltonian bypass.
IV. PROOF OF THE MAIN RESULT
In the proof of our result we will use the following definition: 
Proof of the theorem: Let D be a strongly connected digraph of order n ≥ 4 satisfying condition A 0 . By Theorem 1.11 the digraph D contains a cycle of length n − 1 or n is even and D is isomorphic to the complete bipartite digraph with partite sets of cardinalities of n/2 and n/2. If D is a complete bipartite digraph then it is easy to see that D has a Hamiltonian bypass. In the sequel, we assume that D contains a cycle of length n − 1. Let C = x 1 x 2 . . . x n−1 x 1 be an arbitrary cycle of length n − 1 in D and let y / ∈ C. It is a simple matter to check that for n = 4 the theorem is true. Further, let n ≥ 5. Note that from condition A 0 and Lemma 3.5 it immediately follows that d(y) ≥ 3. Now suppose, to the contrary, that D contains no Hamiltonian bypass (by Lemma 3.7(ii) it is clear that D also contains no good cycle).
For the cycle C and the vertex y we prove the following Claims 1-7 below.
Proof of Claim 1:
Assume that the claim is not true. Without loss of generality, assume that d(y, {x n−1 }) = 2, i.e., x n−1 y, yx n−1 ∈ A(D). By Lemma 3.7(i), y is not adjacent to x 1 and x n−2 . Since d(y) ≥ 3, we can assume that for some integers a ≥ 1 and b ≥ 1 the following holds:
and
is possible). Now from Lemma 3.7(i) and (1) it follows that
it is easy to see that D contains a Hamiltonian bypass. So, we may assume that there is no (x a+1 , x n−1 )-path and there is no (x n−1 , x n−b−2 )-path with vertex set V (C). We extend the path
are not on the extended path P e . Therefore using Lemma 3.2(i), we obtain that (3) and (4) it follows that
The last two inequalities contradicts Lemma 3.5 since y, z i and y, u j are two distinct pairs of nonadjacent vertices. Claim 1 is proved.
and Claim 1, we obtain that n odd (n := 2m+1), and without loss of generality, we may assume that
By Lemma 3.7(iii),
Without loss of generality, we may assume that d(x 1 ) ≥ n because of (5). Since D contains no Hamiltonian bypass, it follows that x 1 has no partner on C[x 3 , x n−2 ]. From (6), Lemma 3.2(ii) and
which is a contradiction. 
Without loss of generality, assume that x 1 x 3 ∈ A(D). Then using Claim 5 it is not difficult to check that the following holds:
Therefore, if D is not isomorphic to T (5), then by (ii) and (iii), the vertices x 2 , x n−1 are nonadjacent. Now we will consider the cycle
which contradicts condition A 0 , since x 2 , x n−1 are nonadjacent and yx 2 / ∈ D. Subcase 2.2.2:
It
. By Lemma 3.5, from this and the above observation we conclude that D contains no cycle of length two, every vertex x i is adjacent exactly to n − 2 vertices, and
First we consider the vertex x 2 . Without loss of generality, assume that x 2 , x r are nonadjacent, where r ∈ [4, n − 1]. The triple of vertices x 2 , x r , y satisfies condition A 0 , since
and d − (x 2 ) ≥ (n + 5)/2 = m + 3 (recall that n = 2m + 1). From this, since x 2 cannot be inserted into C[x 3 , x 1 ] and
In particular, r ≥ m + 6 and x 4 x 2 ∈ D. Now we consider the vertex x 1 . Without loss of generality, assume that x 1 , x k are nonadjacent, where k ∈ [3, n − 2]. Similarly (7) and (8), we obtain
In particular, x 1 x r ∈ A(D). By symmetry of x 1 and x 3 , we also can show that x 3 x n−1 ∈ A(D). Now from (5) and (8) 
(i). It is not difficult to see that there is no (x k , x l )-path with vertex set V (C) (for otherwise D would be contain a Hamiltonian bypass). We extend the path
with vertices x l+1 , x l+2 , . . . , , x k−1 as much as possible. Then   some vertices z 1 , z 2 , . . . , z d ∈ {x l+1 , x l+2 , . . . , x k−1 }, d ∈  [1, a] , are not on the obtained extended path P e . Hence, using Lemma 3.2(i), we obtain that d(
(ii). Assume, without loss of generality, that x n−1 y, yx a+1 ∈ A(D) (i.e., x l = x n−1 and x k = x a+1 ) and d(y, C[x 1 , x a ]) = 0 where a ∈ [1, n − 4]. If a = 1, then Claim 3(ii) is clearly true. So, we can assume that a ≥ 2. We extend the path P 0 := C[x a+1 , x n−1 ] with vertices x 1 , x 2 , . . . , x a as much as possible. Then some vertices z 1 , z 2 , . . . , z d ∈ {x 1 , x 2 , . . . , x a } are not on the extended path P e .
We claim that d = 0 or d = 1. Indeed, if d ≥ 2, then for the vertices z 1 and z 2 inequality (9) holds, which contradicts Lemma 3.5.
and P e is an (x a+1 , x n−1 )-path with vertex set V (C) − {u}, and if d = 0, then e ≥ 2, P e−1 is an (x a+1 , x n−1 )-path with vertex set V (C) − {u}, where now u is some vertex of C[x 1 , x a ]. Then the path P e−1 together with the arcs x n−1 y and yx a+1 forms a cycle of length n − 1.
( 
iii). Assume that Claim 3(iii) is not true. From Claims 3(i) and 3(ii) it follows that there are two distinct vertices
We will distinguish two cases, depending on the value of a (a ≥ 2 or a = 1). 
This together with Lemma 3.5 implies that d = 1. Let 
Indeed, since x a+1 y, yx a+2 ∈ A(D), using Proposition 1 and Multi-Insertion Lemma, it is not difficult to see that there is an (x j , x i )-Hamiltonian path, say P , and there is an (x j , x i )-path, say Q, with vertex set V (D) − {x j−1 }. If x j x i ∈ D, then the path P together with the arc x j x i forms a Hamiltonian bypass, and if x i x j ∈ D, then the path Q together with the arc x i x j forms a good cycle, since d(x j−1 ) ≥ n + a, which contradicts the supposition that D contains no Hamiltonian bypass and good cycle. Therefore x j and x i are nonadjacent.
Assume first that k = 1 (i.e., x k = x 1 ). From Proposition 2 and (10) it follows that
In particular, x a x 1 / ∈ A(D). Thus, the triple of vertices x 1 , y, x a satisfies condition A 0 . Using (11), d = 1, z 1 = x 1 and (12), we obtain
and hence
Now, by Lemma 3.4, we can insert the path
and obtain an (x a+1 , x n−1 )-path, say R, with vertex set V (C). Therefore, [x a+1 y; Ry] is a Hamiltonian bypass, a contradiction.
. From Proposition 2 and (10) it follows that
In particular,
. Therefore, the triple of vertices y, x k , x 1 satisfies condition A 0 . Hence, using (11), (13) and (14), we obtain
Therefore, by Lemma 3.4, the path
On the other hand, since every vertex
Ry] is a Hamiltonian bypass in D, which contradicts the supposition that D has no Hamiltonian bypass.
Recall that (10)). The triples of vertices y, x 1 , x n−1 and y, x 1 , x 2 satisfies condition A 0 . Condition A 0 together with (15) implies that
and hence, d
, and (10) we obtain
This together with (16) and
Then n ≥ 8, and by Lemma 3.4 the path x n−1 x 1 x 2 has a partner on C[x 3 , x n−2 ]. Therefore, we can insert the path
and will obtain an (x 3 , x n−2 )-path, say P , with vertex set V (C). 
using (10) and the last inequality we obtain
Therefore, by Lemma 3.2(i), every vertex Claim 1 and (10) ), we obtain
By Lemma 3.4 this means that we can insert the path 
which is a contradiction, and completes the proof of Claim 4. Suppose that Claim 5 is not true, i.e., the vertices y and x a+2 are adjacent. From Lemma 3.7(i) it follows that x a+2 y ∈ A(D) and a+2 ≤ n−3. Together with Claim 3(iii) and Lemma 3.7(i) this implies that yx a+3 ∈ A(D). By Lemma 3.7(iii), it is easy to see that
We now prove the following:
Indeed, by Lemma 3.5 and (19) the following hold
Therefore,
and by Lemma 3.2(i), x l has a partner on C[x a+3 , x n−1 ]. Now using Proposition 3, (18) and Multi-Insertion Lemma it is not difficult to show that (18) ) and D would be contain a Hamiltonian bypass or a good cycle. In particular, these equalities imply that
(20) Note that the triple of vertices y, x j , x a+1 satisfies condition A 0 , since x a+1 x j / ∈ A(D) and the vertices y, x j are nonadjacent. Condition A 0 together with (19) 
From this and (20) we obtain 
On the other hand, by Claim 3(ii) there is a vertex
since x n−1 , x 2 are non-adjacent, x 1 x n−1 / ∈ A(D) and x 2 x 1 / ∈ A(D). Now using condition A 0 , (33) and the last two inequalities we obtain
which is a contradiction. Claim 7 is proved.
We are now ready to complete the proof of Theorem . In [12] We believe that Theorem 5.4 also is true if we require that minimum in-degree at least two instead of three.
